Self-consistent closure theory for passive-scalar turbulence has been developed on the basis of the Hessian of the scalar field. As a primitive indicator of local scalar structures, we employ Hessian into the core of the closure theory to properly characterize the timescale of scalar field itself. The resultant model is now endowed with several realistic features (i.e. scale-locality of interscale interaction, detailed balance relation, and memory-fading effect on the Hessian field) which eventually leads to reasonable predictions for the Obukhov-Corrsin spectrum.
I. INTRODUCTION
There are in nature a number of phenomena realizing highly disordered flows of gases and fluids, where turbulence plays indispensable roles in transporting varieties of physical properties; e.g., energy, momentum, mass, chemicals, charge, etc. Whereas these transported properties themselves can actively change the flow properties, many fundamental aspects can still be studied from their passive convection. In particular, passively-convected scalar has been studied as the simplest model of transportation phenomena caused by turbulence, providing a prototypical understanding of turbulence-mixing effect. In case of high Reynolds and Prandtle numbers, one may observe a well-developed inertial-convective range where scalar statistics represent universal scaling laws irrespective of the forcing scale nor dissipation-scale mechanisms of both velocity and scalar fields, which is achieved by the classical Kolmogorov-Obukhov-Corrsin theory using a dimensional analysis [1, 2] . Let θ be a homogeneous isotropic scalar field and subjected to homogeneous isotropic turbulence. An extension of Kolmogorov's analysis [3] to scalar turbulence yields E θ (k)dk may take a universal power law within the inertial-convective range:
where K θ -the Obukhov-Corrsin constant -is widely believed to be a universal constant.
Since its discovery a number of works have examined this universality from both experimental and numerical aspects [4] [5] [6] [7] [8] .
Besides the primitive knowledge of the passive-scalar turbulence based on a dimensional analysis, more profound understanding can be reached via dynamical equations of the scalar field itself. Among others, Lagrangian-history direct-interaction approximation (LHDIA [9] ) and Lagrangian-renormalization approximation (LRA [10, 11] ) theories enable systematic derivations of the closure model of the scalar variance without relying on any empirical parameters. Due to its Lagrangian formalism properly removing the sweeping effect, both theories successfully depicted the scale-local transfer of the scalar variance, reproducing the −5/3-power law of the scalar spectrum predicted by the Kolmogorov-Obukhov-Corrsin theory. Then the Lagrangian formalism should be firmly recognized as a key ingredient for the self-consistent closure of passive-scalar turbulence.
In spite of these remarkable successes, Lagrangian closures applied to passive scalar turbulence suffers from its deficiency arising from the nature of the passive scalar itself; unlike vectors and tensors, scalar field does not reflect distortion of fluid elements, which makes the memory-fading effect caused by fluids straining motion indescribable. To see a rough sketch of the problem, we consider the governing equation of the passive scalar θ:
where u is the fluid velocity field and κ is the diffusion coefficient. Now the Lagrangian derivative of θ may vanish in the inertial-convective range (essentially equivalent to a limit case κ → 0), so the scalar value may be conserved along the Lagrangian trajectory. As a result, Lagrangian closure based on the scalar field overestimates the turbulence-mixing effect of scalar, lacking a quantitative predictability in scalar-variance spectrum. As carefully remarked by Refs. [10] , turbulence closure may be improved by alternative choice of the representative variables properly representing the physics of our concern, which is the central issue of the present work. A pioneering work of the rotation-invariant strain-based LRA (RI-LRA [12] ) choose the pure-strain statistics as alternative representatives to conventional Lagrangian velocity statistics, which is essentially inspired by the idea of strain-based LHDIA [13] . Application of RI-LRA to two-dimensional passive-scalar turbulence yields, with the help of DNS data and some additional approximations, better prediction of the scalarvariance spectrum, which is substantially due to consideration of the random scrambling motion of fluid. Likewise, modification of the representative still has some possibilities to improve predictability of the scalar-closure models.
This paper provides a self-consistent closure model of 3D passive-scalar turbulence on the basis of LRA. In contrast to RI-LRA focusing on the velocity statistics, we modify the representatives of scalar field; instead of the scalar field itself, we treat its secondorder derivative which effectively characterizes local scalar distribution via Hessian matrix. 
II. FORMULATION
In the present study, we focus our attention on homogeneous turbulence, so Fourier analysis offers a convenient platform for the foregoing discussions. We utilize the Fourier transformation defined by the following integral operation F |
which provide a one-to-one mapping from an arbitrary field function f (x) to the corresponding Fourier spectrum f (k) (the same main symbol employed for simple notation); i.e.
A. Scalar field
Applying the Fourier transformation to Eq. (1.3) yields the scalar dynamical equation in the Fourier space;
× represents a convolution in the wavenumber space. Following Ref. [10] the Lagrangian picture is introduced using the Lagrangian po-
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In the Fourier representation, the Lagrangian scalar field reads:
which is governed by
In high-Schmidt-number limit (∂ t θ(k, t ′ |t) → 0), Lagrangian scalar would keep its value, representing a memory effect of infinitely long time. Due to its invariance under arbitrary frame transformations, scalar field does not reflect the distortion and rotation of fluid elememt, but only the translation is cast into the scalar-field dynamics. In order to capture the memory fading due to straining motion, we need to extract some nature of scalar field that vary under the frame transformation.
B. Hessian field
When focusing on spatial distribution in finite local domains, one may observe some nontrivial structures of scalar field caused by turbulence mixing. Such a distribution has the directional characteristics dependent on frame transformation thus can be utilized in our closure strategy. Local distribution of the scalar may be typically characterized by its derivatives. A pioneering work [12] has discussed a possibility of closure based on the scalar gradient which is although not suitable in our case for its insufficient memory-fading effect.
Then, other than the gradient vector, Hessian -defined by ∂ i ∂ j θ in physical space -may be the simplest and reasonable variable minimally characterizing the structure of the local scalar distribution. In addition, Hessian is capable of characterizing local maximum, minimum, and saddle points of the scalar distribution which could provide us more physically relevant properties compared with the scalar field itself. One thing we should note, however, that
Hessian may be too much sensitive to sub-Kolmogorov-scale structures for its derivative operations. Thence, in this paper, we deal with its non-local expression ∆ −1 ∂ i ∂ j θ to focus our attention on broader scale of our interest. In the Fourier space, this is amount to normalize the Hessian spectrum k i k j θ(k, t) by the wave number: 
where we separate the convection term (the first term on the right side) from the total nonlinear term. Note that a geometrical factor 
which obeys
Here we should focus on the trace part of Eq. (2.9) reproducing the Lagrangian-scalar equation (2.5). In other words, the non-linear coupling of Lagrangian Hessian is insensitive to its trace part. This enables a natural extension of our Hessian H ij in its trace part;
providing ξ be an arbitrary real number, we redefine our Hessian H ij as 
The traceless Hessian is the deviatric part of the normalized Hessian ∆ −1 ∂ i ∂ j θ. Unlike the normalized Hessian containing θ in its trace, the traceless Hessian is completely free from long-time memory of θ, which yields the shortest correlation timescale among others. The solenoidal Hessian may be understood as the non-local representation of ∂ i ∂ j θ − δ ij ∆θ which becomes dominant at saddle points while diminishing at local-minimum or maximum points.
Then the tube-like or sheet-like structures of the scalar distributions may be emphasized by the solenoidal Hessian.
In what follows we should describe all the dynamical equations in terms of Hessian regarded as a principal dynamical variable, for which we need to express θ(k, t) in terms of H ij (k, t). Then we consider a projection operator, say Z, from the Hessian-valued to scalar-valued functions:
, where
Now Eq. (2.9) can be rewritten in terms of Hessian alone:
where
C. Lagrangian response
Following LRA procedure, we shall introduce the response of H ij (k, t ′ |t) against infinitesimal disturbance. For this sake, we consider an infinitesimal disturbance δf θ on the scalar field θ of Eq. (2.2):
By multiplying this by T ij (k) yields a disturbed Eulerian Hessian equation:
(2.15)
The infinitesimal variation δH ij (k, t) may be written as a linear functional of δf θ (k ′ , t ′ ), which may be expressed by the functional derivative. We further rewrite this as
as the disturbance tensor applied to H ij (k, t), the Eulerian response function of the Hessian may be
In the same manner, the Lagrangian response function read
Functional derivative on Eq. (2.13) yields the equation for the Lagrangian response function
Here we review the dynamical equations which our LRA procedures are based on. Then our system is totally described by the following equations:
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where we attach the subscripts "L" and "E" on the Lagrangian and Eulerian H ij for clarity of notations. Also we attach λ as a bookkeeping parameter for later perturbation analysis.
In addition to scalar, we shall introduce Lagrangian and Eulerian variables for velocity field, which are essentially equivalent to those given by Ref. 
where the Eulerian and Lagrangian equations reduce to identical forms. In the primitive perturbation analysis, all the dynamical fields can be expanded in terms of non-perturbative fields; e.g. Eulerian Hessian can be expanded as
where t 0 is the initial time. As a consequence, all the statistical quantities are expanded by the non-perturbative statistics:
The LRA machinery enables a systematic derivation of the closed system for the two-time correlations and the averaged responses:
is the solenoidal operator. Due to homogeneity, these are
In the context of renormalization theories, these statistical variables are treated as the renormalized variables, while the non-perturbative counterpart recognized as the bare ones.
To summarize the core idea of the Lagrangian renormalization, we employ below some symbolic notations; we denote correlation tensors only by their main symbol; e.g. H stands for H ij.lm (k; t, t ′ ). According to Ref. [10] , an arbitrary unclosed correlation can be closed in the following steps:
(i) Assume both velocity and scalar fields at initial time instant t 0 , i.e. u i (k, t 0 ) and θ(k, t 0 ), to be all independent Gaussian random, where the non-perturbatibve solutions (λ-zerothorder solutions) of velocity and Hessian, sayũ i (k, t) andH ij (k, t), become also independent Gaussian random. Then an arbitrary unclosed correlation, say J, can be expanded in terms of the correlation of the non-perturbative variables; i.e.H,G,Q, andG: (ii) In the same manner, expand H, G, Q, and G in terms ofH,G,Q, andG:
where For instance, let the exact dynamical equation of H be ∂ t H = λI (I is a triple correlation).
Now the renormalization procedure (i)-(v) yields
which then results in
Likewise, dynamical equations for all representatives can be closed by themselves. In an explicit manner, the spectral closure equations for scalar may be
where H(k; t, t ′ ) and G H (k; t, t ′ ) are projected components of H ij.lm (k; t, t ′ ) and G ij.lm (k; t, t ′ ): and G H (k; t, t ′ ):
41)
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It is remarkable that a common factor T 2 appears in the right sides of Eqs. (2.42) and (2.43). Then the choice of representatives does not alter the structure of equations but determines the characteristic time scales of H(k; t, t ′ ) and G H (k; t, t ′ ).
F. Relation to scalar-based LRA
The two-time correlation and response are to be decomposed into the trace and traceless parts: 
which are consistent with the rigorous relations Θ(k; t, t ′ ) = Θ(k; t ′ , t ′ ) and G θ (k; t, t ′ ) = 1
for high-Pèclet-number limit (κ → 0).
III. APPLICATION TO INERTIAL CONVECTIVE RANGE A. HBLRA for isotropic turbulence
For homogeneous isotropic cases, all the statistical functions take isotropic forms;
where k = k . The resultant equations for H(k; t, t ′ ) and G H (k; t, t ′ ) are
△ dp dq kpq(1 − y 2 )
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where the geometrical factors y ≡ (q
, and △ ≡ {(p, q)| |k − p| ≤ q ≤ k + p} reflect the triad interaction between three wavenumber modes; second-order nonlinearity allows an interaction between three modes when k, p, and q can form the legs of a triangle. Then three factors x(≡ (p 2 + q 2 − k 2 )/(2pq)), y, and z are introduced as cosines of three interior angles opposite the legs k, p, and q, respectively [10, 15] . The integration domain △ arises from an existence condition for such triangle.
Also note that a common geometrical factor kpq(1−y 2 )(1−z 2 ) appears in the wavenumber integration of Eqs. 
B. Obukhov-Corrsin spectrum
Let us apply Eqs. (3.3)-(3.4) to the inertial-convective range. We first assume both velocity and scalar fields are sustained by some source at sufficiently large scale while viscosity and diffusivity act at very small scale, so that a broadband inertial-convective range is realized under quasi-stationary state. Scale-locality of velocity-scalar coupling brings about constant spectral flux of the scalar variance, yielding universal scaling law of scalar-variance spectrum in a parallel manner to the LRA analysis of Ref. [11] where the inertial-range solution of Q had been obtained: [11]. g(τ ) is monotonically decaying as the dimensionless time τ passes. Here we should note that our Hessian field generally gives shorter correlation time scales than that of velocity field; i.e.
∞ 0 g(τ )dτ = 1.19 [11] .
Multiplying Eq. (3.2) by 4πk 2 yields the dynamical equation for the scalar-variance spectrum E θ (k) (≡ 4πk 2 H(k; t, t)):
where the scalar-transport function T θ (k, t) reads (3.8) Multiplying Eq. (3.2) by 4πk 2 yields the dynamical equation for the scalar-variance spectrum E θ (k) (≡ 4πk 2 H(k; t, t)):
where the scalar-transport function T θ (k, t) reads (3.8) 10) where the scalar-transport function T θ (k, t) reads 10) where the scalar-transport function T θ (k, t) reads 10) where the scalar-transport function T θ (k, t) reads (3.8) 10) where the scalar-transport function T θ (k, t) reads (3.8) 10) where the scalar-transport function T θ (k, t) reads 10) where the scalar-transport function T θ (k, t) reads 10) where the scalar-transport function T θ (k, t) reads Now the triad interaction between three modes k, p, and q are mediated by S θ (k; p, q|t)
which is symmetric under the exchange between p and q; i.e. S θ (k; p, q|t) = S θ (k; q, p|t).
Then the integral range can be reduced to half:
Now the right side is independent from k, suggesting that the spectral flux Π θ (k, t) takes a constant value in the inertial-convective range. With the help of Eq. (3.13), Eq. (3.21)
Using Π θ = χ , we reach
(3.23)
Substituting K o ≈ 1.72 into the above yields It is worth mentioning the difference between the current and pioneering RI-LRA as another branch of LRA [12] . RI-LRA employs pure strain tensor besides the scalar field so that the memory fading of the scalar is accounted by the timescale of the pure straining motion [16] , while the current HBLRA introduces the timescale of the Hessian of the scalar itself; to be brief, RI-LRA focuses on the velocity field, while HBLRA on the scalar field.
At the present stage we cannot decide which is better treatment. Instead we found in our HBLRA a hidden feature similar to RI-LRA; both auto correlation and response of the Hessian incorporate the timescale of the pure strain field just like in RI-LRA. Then the rotation invariance mentioned by Refs. [12, 13] 
while Eq. (2.43) is not to be altered.
